Cartesian Coordinates, Points, and
Transformations
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COMMON NOTATION: Use the notation F; to represent a
coordinate system or the position and orientation of an
object (relative to some unspecified coordinate system).
Use F,, to mean position and orientation of y relative to x.

Tool path
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Want these to be equal

Tool holder Can calibrate

Tool path
(assume known for now) oo pa
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'More correctly, this

.would be FBase Wrist
__',_ ____________________
i
~a
|
I FWrist /
| /

/

Base of robot
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Question: What value of F,
F

Target ‘

rist
will make F,;) =

Answer:
F.. =F

Wrist Target

Lo,
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Notational Note
We use the notation A ¢ B
to represent composition or
transformation. Where the
context is clear, we may also use
AB for the same thing.

Question: What value of K,
\Wlll make F; =F .7
AnsW’e\

F

Wrist

rist
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Question: What value of F,. will make these equal?
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But: We must find F¢; ... Let’s review some math

FWT

F

Wrist

=F. oK ole FWT_I

=F. oF e FWT_I
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=
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Coordinate Frame Transformation

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU LaboSlide acknowledgment: Sarah Graham and Andy B

13




Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes

JHU Laboratory for Computational Sensing and Robotics ",l
! b
1
|
|
|
= e e e
F= [Rap]
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics G

15




_—— e - —p

——— - =

F=[R,p]
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Coordinate Frames
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Forward

F=[Rp]
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Forward and Inverse Frame Transformations

Inverse

F'=[R"-R"ep]

JHU Laboratory for Computational Sensing and Robotics
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Composition
Assume F =[R,p,], F,=[R_,p,]
Then
FeF,eb=F o(F,eb)
=F ¢(R,eb+p,)
=[R,,p,]*(R,*b+p,)
=R, *(R,eb+p,)+p,
=R,*R,*b+R, ep, +p,
=[R,*R_,R ep +p, Jeb
So
F] .Fz :[Rlﬂf)]].[R29f)2]
:[RI.Rz’le)2+l31]
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Vectors
v, z

< *
vV _=|V :

col y

v
z

vV = |: "4 "4 "4 j|

row X y z

A X
length: ||\7H=1/v 2yvitv?
X y z
dot product: a=v-w = (vxwx +v,w, + vzwz) = H\7| ” ‘\Tchose
VW —VW
y z zy
cross product: U=Vxw=| vw —vw, |[|u]=]v]w]sin6
VW —v w
Xy y X
Slide acknowledgment: Sarah Graham and Andy Bzostek
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Matrix representation of cross product
operator

Define

Then

axv=skew(a)ev

25
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Rotations: Some Notation

Rot(a,x) = Rotation by angle o about axis a
R (o) = Rotation by angle o about axis a

R(a) = Rot(a,[d])

R . (a.B,y)=R(X,0)*R(y, ()¢ R(Z,7)
R, (o.B,7)=R(Z,0)*R(y,[)*R(Z,7)

27
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Rotations: A few useful facts

Rot(sd,o)ed=3 and ||Rot(a,cx)eb||=|f
/1
*" _ Rot(d, o) = Rot(,x) where i =

'NOTE: Unless otherwise stated, we will!
usually assume that a in Rot(a,0) is a

B

I

|

1

1

1

IN

il

1

1

1

I
s

Iunlt vector. le., H5H:1.

Rot(d,or) e Rot(d, ) = Rot(a,a + JB)
Rot(a,a)”" = Rot(a,—ox)
Rot(3,0)eb=b ie., Rot(d,0)=1, = the identity rotation

Rot(4,0)eb = (ﬁoB)ﬁ+Rot(ﬁ,a)o(f)—(ﬁof))ﬁ)

I R, e Rot(b,ﬂ) = Rot(Ra Ob,ﬁ) . Ra I

Russell H. Taylor Cop_yrig|:19;-2(;2; ;0.4_55/6:5 Ie:ure_note: - J:U :bc;o;fo::on/lputanonal Sensing and Robotics
28
Rotations: more facts
Ifv=[v,,v,,v,]" then a rotation RV may be described in
terms of the effects of R on orthogonal unit vectors, e, = [1,0,07,
e =[0,10]",e,=[0,0,11
Rev=vr +vr +vr,
where
r =Ree,
F =Re é
r =Ree,
Note that rotation doesn't affect inner products
(ROB)O(ROE)=BOE
or lengths of vectors
|
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Rotations in the plane

“|)

xcosf —ysin6
xsinf + ycosO

cos@ -—sinf X
[ ]
sinf cos@ b%

. =
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Rotations in the plane

(¢-1)
(¢-1)

R.[ }: cosf® —sinf ol 1 0
A sin@ cos0 0 1

=| Reé Re¢
x y

A

I v |
rx ry] \ | /

|

|

X ==
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3D Rotation Matrices

9
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Properties of Rotation Matrices

Inverse of a Rotation Matrix equals its transpose:
R-l = RT
RTR=RR'=1

The Determinant of a Rotation matrix is equal to +1:
det(R)=+1

Any Rotation can be described by consecutive rotations about
the three primary axes, X, y, and z:
R =R Ryy Ryy

0
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Canonical 3D Rotation Matrices

Note: Right-Handed Coordinate System

1 0 0

R_(0) = Rot(X,0)=| 0 cos(0) —sin(0)
10 sin(@) cos(6) |

[ cos(6) 0 sin(0)]

R (8) = Rot(y,0) = 0 1 0
_—sin(O) 0 cos(@)_

cos(@) —sin(@) 0

R_(0) = Rot(Z,0)=| sin(8) cos(6) 0
0 0 1

JHU Laboratory for Computational Sensing and Robotics
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Axis-angle Representations of Rotations
Rodrigues’ Formula (1840)*

Rotation of a vector b by angle o about axis a
(Assumes that a is a unit vector, |5H= 1)

In matrix form this is ¢ = R+-b where
R =(cosa)l+(sincr)skew(a)+(1-coscr)a-a’

* Olinde Rodrigues, "Des lois géométriques qui régissent les déplacements d'un systéme solide dans
I'espace, et de la variation des coordonnées provenant de ces déplacements considérés indépendants

des causes qui peuvent les produire”, Journal de Mathématiques Pures et Appliquées 5 (1840), 380—

440. (http:/sites. mathdoc.fr/JMPA/PDF/JMPA_1840_1_5_A39_0.pdf)

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Exponential representation

Consider a rotation about axis n by angle 8. Then
2
g¥ew®9 =]+ Oskew(n)+ %skew(ﬁ)2 +...

By doing some manipulation, you can show
Rot(ﬁ,é’) — eskew(ﬁ)e
=1+ skew(n)sin 6 + skew(n)*(1- cos )
=1+ skew(n)sin+(nen" —1)(1-coso)
=lcos @ + skew(n)sind +nen’ (1—coso)

which is just Rodrigues' formula.

Note that for small 0, this reduces to
Rot(n,0) = 1+ skew(6n)

g
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Cayley Transform Representation

Consider the rotation Rot(n,6) and define

a= tang n
B 2

A=skew(a)

Then,
R=(-A)'(1+A) =(1+A)(I-A)"

gives the rotation matrix corresponding to Rot(n,8). Similarly, given R,
A=R-1)(I+R)"

gives the elements of skew(a) and hence for a.

Note: The above relations require that 6 = £7.

7
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Homogeneous Coordinates

+  Widely used in graphics, XS
geometric calculations
* Represent 3D vector as 4D

quantity
_ )
* For our current purposes, we V
will keep the “scale” s = 1

If
1N

— N e R

AN

A

[ e |
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Representing Frame Transformations as Matrices

1 0 0 p, A\
01 0 p v -
vV+p— ’ 7 =[L,plev
0 0 1 p, \a
00 0 1 | |

e T S e

0 1 0 1 0 1
R p|lv (Rev)+p
Fev—> =
0 1]1 |
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics

40

18



Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics e\
41
Give a formula for computing the pose F,,
of the surgical tool coordinate system
relative to the patient rigid body coordinate system F,
) =
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Give a formula for computing the pose F_,,

of the surgical tool coordinate system B
relative to the patient rigid body coordinate system F,?

F./F..F

H — "BG BE' EH

=F.F

BG" BH

FG

= R;:BBEREH
—F.F

1z —
_ BGpBH BG BEpEH

= B_G1(RBE6EH + 5BE)

— R71 R — — —
Pon = BG( sePer T Pse —Pss )

What are the components F,,, = [R,,,,p;,1?

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics

o=
ey

44

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes

JHU Laboratory for Computational Sensing and Robotics

0=

46

20



Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes

JHU Laboratory for Computational Sensing and Robotics

47

V. = ) = [ ]
Vl FWrist,l p WT FCT b 1
V. = oD = [ ]
V2 FWI‘ist,Z pWT CT b2
Tool holder
I FWrist,Z
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Frame transformation from 3 point pairs

==
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Frame transformation from 3 point pairs

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes
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Frame transformation from 3 point pairs
v, = Fchk = RrCBk +P,c

&, *b,
Define - ’

Fca, =R, a +p,

— — g g — Vl x'\ - ,vx
— _ ~
RrCak +prC - RrC (bk bm )+prC NS Vm 4 ﬁ
u Sxo
\
R.a, =R, b, +p,.—R,cb,—p, \Uy
Fg-- === m—— - — e —— - | ¥
; Rea =v, -v, =u, | XV
I p.=v -R_b Solve | 2
rC m rCm
oo Thesel! ____ !
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Rotation from multiple vector pairs

Given a system Ra, =u, fork=1,---,n the problem is to estimate R.
This will require at least three such point pairs. Later in the course we
will cover some good ways to solve this system. Here is a not-so-good
way that will produce roughly correct answers:

Step 1: Form matrices U=[ui, --- u,]and A=[a, --- 4]
Step 2: Solve the system RA=U forR. E.g., by R=UA""
Step 3: Renormalize R to guarantee R'R =1.

53

X =
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Renormalizing Rotation Matrix
Given "rotation" matrix R=[¥, | ¥, | . |, modify it so R'R=1.

Step 1: a=r xr
Step2: b=F. xa

a | b r
Step 3 : Rnormalized == = —»Z
z
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Calibrating a pointer

But what is b, ??

JHU Laboratory for Computational Sensing and Robotics

0=
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=nt'

Calibrating a pointer

Il
Nes
=2

post

tip

Russe!{‘#?Taylor Copyright 1996-2022; 600.455/655 lecture notes
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Calibrating a pointer

For each measurement k&, we have

b = RkBtip +f)k

post

l. e.,
Rkl;tip _Bpost = _f)k
Set up a least squares problem

[
[ tip

I — = —p
Rk | I b post | — pk
—oTr—-o .
|
I
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and R
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“Registration Transformations”

Given a coordinate system F, and another coordinate system F; (e.g., a CT scan and
a tracked "rigid body" attached to the patient, and points 6; in the coordinate system F,
and points §,. in the coordinate system F_,then the "registration transformation” F,
between F, and F.one in which for F_ ¢, = g, if and only if ¢, and g, refer to the same
or corresponding points.

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Use in surgical navigation

Fon = FaoFoFua
For = FacFocFea

FaFscFea = FaoFouFua

BG" GC" CA

1
Foo= (FBGFGC) FooFouFua

F., =F.0F.F.F,F.

GC BG BD" DU" UA" CA

F.=F_F F,F/!
If an anatomic structure is identified at pose F,, in ultrasound image ~ *¢ %7
coordinates give the formula for computing the corresponding pose where F_, = FL;;FBD
F.,in CT coordinates
NOTE: In cases where there is a reference body (here F,) affixed to the patient, it is
sometimes convenient to assume that the navigation software routinely transforms
all tracked markers to the coordinate system of F, (i.e., F, =F,. F, ). .
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and R i .7
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Kinematic Links
Fk—l,k
7
i, -
[E i1 _ -
7
| A
| e
7
7
Base of robot
= [ J
Fk Fk—l Fk—l,k
D = [
I:Rk Py ] [Rk—l Py ] [Rk—l,k )y :I
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Kinematic Links

<%

I:k-1

F =F_*F_,
I:Rk’f)k ] = I:Rk—l’pk—l ] ° [Rk—l,k J Ly :|

=[R,_.p,, |*[ Rot(¥,.6,).0]+[LL,X |
=[R, ,.p,, |*[ Rot(¥,.6,),L,Rot(F,.60,) X |

=
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Kinematic Chains

F, =[L0]
R, = Ro,1R1,2R2,3 = Rot(x,,0,)Rot(¥,,0,)Rot(¥,,0,)
1_53 = I_jo,l + RO,I (I_jl,z + Rl,zl_jz,3 )
= L, Rot(r,,0,)X
+L,Rot(r,,0,)Rot(r,,0,)X

Fs

F2

- — - - r
+L,Rot(x,,0,)Rot(¥,,0,)Rot(r,,0,)X -
Fo
N =X
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics

62

28



Kinematic Chains

If ¥,=r, =1, =%,
R, = Rot(z,0,)Rot(Z,0,)Rot(Z,0,)
= Rot(z,6,+6,+0,)
f)a = f)O,l + Ro,1 (f)l,Z + R],zf)z,s )
= L,Rot(Z,0,)x
+L,Ro0t(Z,0,)Rot(Z,0,)X

Fs

+L,Rot(Z,6,)Rot(Z,0,) Rot(Z,0,)X -7
= L Rot(Z,6,)%
+L,Rot(z,0, +0,)X
+L,Rot(Z,0, + 6, +0,)X
Fo
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Kinematic Chains
If ¥ =%, =F =1
cos(6,+6,+6,) —sin(6, +6,+6,) 0
R,=| sin(6 +6,+6,) cos(6,+6,+6,) O

0 0 1

L cos(6,)+ L,cos(6,+6,)+ L,cos(6, +6,+6,)
p,=| L;sin(0)+ L, sin(6 +6,)+ L,sin(6, +6,+6,)
0

==
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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“Small”’ Transformations

» A great deal of CIS is concerned with computing and
using geometric information based on imprecise
knowledge

+ Similarly, one is often concerned with the effects of
relatively small rotations and displacements
» Essentially, we will be using fairly straightforward

linearizations to model these situations, but a
specialized notation is often useful

[ e |
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics e\
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“Small”’ Frame Transformations

Represent a "small" pose shift consisting of a small rotation AR
followed by a small displacement Ap as

AF =[AR,Ap]
Then

AFev =AReV+Ap

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics a)

67

30



R, (Ax) = arotation by a small angle Ao about axis a

Rot(a,

AR(A3)e AR(ub)=AR(Aa+ub) (Linearity for small rotations)

Exercise: Work out the linearity proposition by substitution

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes

Small Rotations

AR = a small rotation

ﬁ”) eb~axb+b for ||5|| sufficiently small

AR(a) = a rotation that is small enough so that any error

introduced by this approximation is negligible

JHU Laboratory for Computational Sensing and Robotics
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Approximations to “Small” Frames

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes

AF(3,Ap) 2 [AR(a),Ap]
AF(3,Ap)eV = AR(3) e V + AP
=V+axv+Ap

axv=skew(a)ev

AR(a) = I+ skew(a)
AR(a)™" = |- skew(a) = | + skew(-a)

JHU Laboratory for Computational Sensing and Robotics
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Approximations to “Small” Frames

Notational NOTE:

We often use a to represent a vector of small angles
and € to represent a vector of small displacements

In using these approximations, we typically ignore second order terms. |.e.,

o,0, = 0, AEp = 0, Ep = 0, etc.

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Errors & sensitivity
Often, we do not have an accurate value for a transformation,
so we need to model the error. We model this as a composition
of a "nominal" frame and a small displacement
o AF

actual = Fnominal
Often, we will use the notation F’ for F o
F for F

nominal”
F =FeAF

or (less often) F' = AF eF. We also use V' = v + Av,efc.

Thus, if we use the former form (error on the right), and

and will just use
Thus we may write something like

have nominal relationship v = FoB, we get
V' =F b’
—FeAFe(b+Ab)=Fe(AReb+ AReAb -+ Ap)
zRo((I+Sk(&))o(B+AB)+A5)+ﬁ:Ro(B+&xB+AB+Aﬁ)+|3
~Re(@xb+Ab+ Ap)+Reb+p=Re(@xb+Ab-+Ap)+V
AV ~R e (d@xb+ Ab+ Ap)

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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“Small Errors”

Suppose that there is a small systematic
error in the tracking system so that

F, =AFF,
for F,.,F,,, F,.. How does this affect

the calculation of F,, ?

F,, =(F, )'F. F

GH BE EH
1
FGHAFGH = (AFBFBG) AFBFBEFEH
1 —1
AFGH = FGH (AFBFBG) AFBFBEFEH
i —tage 1
=F, Fye BF;AFF,F,
— —1 —1
= FGH 1FBG FocFe, = FGH FGH =l
. o)
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and R i ",l
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“Small Errors”

Suppose that there are additional errors
in the tracking of each tracker body so that

F._ =AFF_AF_

Bx

forF,..F,,, F

o'Faps Fae. How does this affect the

calculation of F_,, ?

* *

F =F,AF,, = (FBG’ Y'F F

GH BE EH

-1

AF,, =F, " (AFBFBGAFBG) (AF F AFBE)FEH

B BE

AF,, = (Fys 'FycF )’1AFBG*1FBG*1AFB”AFBFBEAF F

BG BE" EH BE" EH
_ -1 -1 -1 -1
- FEH FBE FBGAFBG FBG FBEAFBEFEH
N o)
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics a)
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* — —_
vV, =V, +Ay,
®
F =FeAF?
/
i s -
g b, =b, +Ab
1 1 1
/
/
SS
S
. o) =N
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics e\,
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*

Feb =V

Fe AFe(b+Ab)=V+ AV

F =FeAF

. U=
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics e\
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Errors & Sensitivity

Suppose that we know nominal values for F, b, and ¥
and that

T T
[-e,-e,-s] SAvls[e,s,g] (ie.,

AV <o)

What does this tell us about AF =[AR,Ap]? .

=V, +AV,
F'=FeAFA
i b, =b, +Ab,
II \
- e

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Errors & Sensitivity

if H&XABHSH&HHABH is negligible (it usually is)
SO

AV = \7*—\7zR-(AB+5¢><B+A|5):R-AB+R-&xB+R-Aﬁ

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Digression: “rotation triple product”

Expressions like Reaxb are linear in 4, but are not always
convenient to work with. Often we would prefer something

like M(R,b)ea.

Reixb=—Rebxa
=R o skew(—b)ea
=[Reskew(b)" |ed

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Digression: “rotation triple product”

Here are a few more useful facts:
Re(ixb)=(Red)x(Reb)
ix(Reb)=Re((R"ed)xb)

Consequently

skew(@a)e R =R eskew(R"' e3d)
R 'skew(a)® R = skew(R™' e 2)

X =
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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A “standard form” for linearized error expressions

It is often convenient to use identities to rearrange expressions
involving small error variables into sums of terms with the general
form M, 7, , where M, involve things known to the computer, and
the 7, are error variables.

For example,

7=Rsk(c)a + sk(B)b
would be rewritten as

7=-Rsk(a)a — sk(b)j
or

7=Rsk(-a)a + sk(-b)j

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics a)
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Computed
pose

Errors & Sensitivity

Measured Error window
! position

=
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Computed
pose \ y Measured Error window
fll position
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Computed

pose \

Errors & Sensitivity

) Measured Error window
position

) EY
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Computed
pose \ .t Measured Error window
/ L
position

N =Y
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Computed

pose '\

Errors & Sensitivity

# Measured Error window
position

) EY
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Computed
pose \ 4 Measured Error window
! position
/

N =Y
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Computed
pose

Errors & Sensitivity

Measured Error window
! position

=
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Computed
pose \ y Measured Error window
fll position
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Computed

pose \

Errors & Sensitivity

) Measured Error window
position

=
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Computed
pose \ .t Measured Error window
/ L
position
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Computed

pose '\

Errors & Sensitivity

# Measured Error window
position

=
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Computed
pose \ 4 Measured Error window
! position
/
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Errors & Sensitivity
Previous expression was

AV, =Re(Ab, +Gxb+Ap, )

Substituting triple product and rearranging gives

Ab,
Av, z|: R | R | R o skew(—b) } ° Ap
o
So
e Ab, P
¢ s[ R | R | Reskew(-b) } Ap | S| e
—£ a €
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Errors & Sensitivity
Now, suppose we know that |Ab,| < B, this will give us
a system of linear constraints
i €
—-£ 1. E
R o1l

|| RUR Reskath) |1 a5 <]

BT 10l o i B

-B ¢ p

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Error from frame composition

Consider RR, =R; where R; =R AR R;=R,AR,, R, =R AR,

and AR, =1+ sk(d,), AR, =1+ sk(a, ), estimate AR, =1+ sk(d,)

RARR,AR, =RR,AR,
R, (I+sk(é, )R, (1+ sk(@,)) =R R, (1+ sk(a.,))
(RR, )'1 R, (1+ sk(@, )R, (1+ sk(@,)) = 1+ sk(d,)
R;lei(l + k(0 )R, (1+ sk(é,)) = 1+ sk(é, )
I+R;'sk(@, )R, + sk(@,) M ~ 1+ sk(di,)
R;'sk(@, )R, + sk(d,) = sk(d,)
Since R™'+(axRb)=(R™"a)xb for all R,a, b we get R'sk(¢, )R, = sk(R;'a,)
sk(d,) = sk(R;'a,) + sk(d,) = sk(R;'@, +a.,)

= 1= -
o, =R, a +a,

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Error from frame composition
Consider F1 F2 = F3 where F1 = F1AF1,F2 = FZAFZ, F3 = FSAF3
and AF, =[1+sk(d, )., |, AF, =[1+sk(a,).&, ]
estimate AF, = [I + sk(@),éaJ
From before, we have &, = R2’1551 +a,. So now we just need &,.
F,AF, =[R,AR,,R,Ap, +p,]
P, +R,Ap, =R, (AR (P, +R,E,) + £,)+Pp,
P, +R,E, =R, (I+sk(@,))(p, +R,E,)+RE +Pp,
=Rp, +RR,E,+R +(&, %P, +a,xE,)+p,+RE,
=p,+RR,E, +R, -(071 X P, + 0, X éz)+R1§1
Rsé3 =RR,E,+R ~a, X 52 +RE,
= -1 = 1y -1 = “R-R &
£, ~=~R,RIRR,E,+R,; R R, «a, xp,+R, R, RE
_z - -1z
=£,+R} <, xp, +R}E,
_ = -1 R 1z
=§£,-R;'sk(p,)a, +R}E,
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Inverse of frame transformation with errors

F
)
(FAF) " =[RARRAB +p|
=[(RAR)",~(RAR)'(RAp +p)]
=[ARR",—~AR R (RAp+p)]
=[AR"R™"—~AR'Ap— AR 'R 'p]
(AF,,)’1 = (F*1)’1 [AR"R"~AR 'Ap— AR 'R 'p]
=[R,p]+[AR'R",—AR 'Ap— AR R 'p]
—[RARR',~RAR'Ap—RAR R 'p+p]

F'=[R",—Rp]
(FAF)’1

-1

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Inverse of frame transformation with errors

Suppose we know that AR is "small", i.e.,AR ~ |+ sk(a), and
for notational convenience we write Ap = £, we get

AR, =RARR'~R(1+ k(@) R’
~R(I-sk(@)R™"
=RR"—Rsk(@)R "
=1-Rsk(@)R "
—1- sk[(R*1)’1 a] — 1 sk(Rd)
Ap,=-RAR'Ap—RAR Rp+p
~—R(1-sk(@))Z — (1 sk(Ra))p + P
=-RZ+R(axZ)—p+(Ra)xp+p
~—RZ + (Rd) xp = —RZ — p x (Ra) = —RZ — sk(P)Ra
(als0) = —RE — ((RR'B) x (Rd)) = ~R& —R((R ') x4
= —R.(2+ (R B)xd)=-RE —Rsk(R p)d

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Error Propagation in Chains
<

F*k = F*k—1 ° F*k—1k
FAF =F_AF _F . AF__

k-1" k-1k
_ -1
AF, =(FF,_ )AF_F_ 1kAF
-1
(Fk 1k AFk 1Fk 1k ) AFk—1 k
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Error Propagation in Chains
<
= ( )AF F AF Note: This is same as what we could have
k k=" k—1k obtained by substituting in formulas from
=(F . 'AF F )AF the “error from frame composition” slides
( k—tk kA k=Ak ) ket given earlier.
_ -1
- (Rk 1k ARk 1Rk 1k>ARk—1,k
~ (RHk (I + skew(a,_, ))Rk—1,k)<| + skew(a,_,, ))
~ -1 — - _ 1> -
~ 1+ (RH_k skew(a, R Hk) + skew(q,_,, ) =1+ skewR,_, ~& _, +&_,,)
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics e\
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Exercise

Suppose that you have
AR, =AR(a,) =1+ skew(a,)
Af)k—l,k =€,

Fs

F2
Work out approximate formulas for [AR;,Ap, ]

interms of L,,r, 6, a, and ¢,. You should

r
come up with a formula that is linear in P
L, a,ande,.
Fo
N =X
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics "'l
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Exercise

Suppose we want to know error in F,, =F;"'F,

F,, =F, 'F,F, F..,F,,
F, =F,F,F,
F,,AF,, =F, F,F,,
AF, =F,,'F,,AF, F,,AF,F, ,AF, ,
=F,, 'F,, 'F,, 'F, AF, F,,AF,F, ,AF,

Fs

_ 7~
_ -1 -1
- F2,3 F1,2 AFO,1F1,2AF1,2F2,3AF2,3 F4
Now substitute and simplify
Fo
N =X
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics a) u
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Another Example

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and R
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Another Example

O O

VAR
_ - ; MY
— \
P =Fry * Py / \
' \
= \
Fry =Fz oFy, I T
\

=[R; *Ryy,R; * Py +Pg] \
5Tf = RB .RBU .5Uf +RB .5BU +5B ‘\ }3Tf
Also ) >
P =F5ePy
Ps =Fay * Py
=R, *Py +Pgy

ﬁTf:RB.RBU.ﬁUf-l_RB.ﬁBU-i_ﬁB

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Another Example

O
Suppose that the track body K
to US calibration is not perfect !
|
FBU = FBUAFBU \‘ 577 + Apr

= [RBUARBU’RBUAﬁBU + I3BU] '

P " =Fg "oPy 1. Py +4P, =F AF, p,
APy, =F AF, Py — Py
=F; (AR, P, + APy, ) - (RBUE’Uf + 5BU)
= RBUARBU‘_sUf + RBUAﬁBU + ﬁBU N RBU‘_sUf - E).'3u
=Ry AR, P, +Ry, AP, —R, P,

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Another Example

Continuing ...

Ap,, = RBU{:A\\B_B’L]:ﬁUf +R;,AP,, — Ry Py,
e
~Ry, (I +skew(d,, )) Py + Ry AP, —Ry Py,
=R Py +Ryy 0 Gy XPy +R APy, —R5 P,
=Ry, * 0y, XPy, +R,,AP,,
=-Rp, *Py X0y, +R,,AD,,

= RBUSkeW(_ﬁUf )O_ZBU + RBUAISBU

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Another Example

B, + AP, =F,AF, (P, + AP,
By ~F, . (Bay + 0By )~ F.5,
AF, (Bgr + APy, ) = AR, (P, + APy, ) + AP,

=1+ skew(c,))(B,, + ABy )+ AP,
= (53, + A[SBf) +0, XPy, + oNﬁBf +Ap,
=Py + AP, + 0, X P, + AP,

AﬁTf = FB (5Bf + AﬁBf + 0, X ﬁBf + AE)B ) - FBISBf
:RB(ﬁBf + AP, + 0, X Py, +AE>B)+E>B _<R355f +|BB)

L=~

_ ot \\ — — —
= RB ("\Apr JEOg X Pg + ApB)
(‘\-__épr = RBUSkeW(_pBU )aBU + RBUA_BBU-—"' 0=
Russell H. Taylor Copyright 1996-2027; B00#55/656-lecture notes JHLLL v forCoMputational Sensing and Robotics
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Another Example

Ap, =R, (AﬁBf + 0, X Py + Aﬁs)
Ai’Bf = RBUSkeW(_ﬁau )ag, + RBUAE)BU

AﬁTf ~R, (RBuSkeW(_ﬁsu )g, + RBUAﬁBU +0 X |5Bf + AE’B)
_ RBRBUSkeW(_ﬁBU )O?BU + RBRBUAE)BU
+R jskew(—p,, ), +R, AP,

aBU
R.R, skew(-p R.R R skew(—p R Aoy
_[ s eyS eW(_pBU) | B'BU | gS ew(—pr) | B ] 5
¢ B
Ap,
=
Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics

112

51



Parametric Sensitivity

Suppose you have an explicit formula like
L, cos(6,)+L, cos(6,+06,)+ L, cos(6, +6, +6,)
p, =| L,sin(6,)+L,sin(6, +6,)+ L, sin(6, +6, +6;)
0
and know that the only variation is in parameters like L, and
6,. Then you can estimate the variation in p, as a function
of variation in L, and 6, by remembering your calculus.

AG [al BL} AL
3 = - — —-
oL 00 || A@

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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Parametric Sensitivity

Grinding this out gives:

5= L}m
JdL 00 || A

where
L= [Llst’Lzlr
6= [91’92»93]7
cos(6,) cos(6,+6,) cos(6,+6,+6,)
a—f)f = {sin(@l) sin(6, +6,) sin(f, +6, + 9;)]
0 0 0
{L] sin(6,) — L, sin(0, +6,) — L;sin(6, + 6, +0,) —L,sin(6, +6,)—L,sin(6, +6, +6,) —L,sin(6, +6, +6,)

0, _

L, cos(6,)+ L, cos(6, +6,)+ L;cos(6, +6, +6,) L,cos(6, +6,)+ L,cos(6, +6,+6;) Lycos(b, +6, +6;)
0 0 0

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes JHU Laboratory for Computational Sensing and Robotics
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V+AV=g(q+Aq)
by

where

%,
aq,

_ ag,
aq,

99,
aq,

Russell H. Taylor Copyright 1996-2022; 600.455/655 lecture notes

V+ AV = §(@) + g (@) e A

q

%,
aq,

ag,
aq;

99,
Bq/.

More generally ...

Suppose that we have a vector function
v=g(q) =lg,(@)...g, @1
of parameters q=[q,,...,q,]. Then we can estimate the value of

%,
aq,

ag,
aq,

99,
aq,
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